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Bear in mind that the wonderful things you learn
in your school are the work of many generations,
produced by enthusiastic effort and infinite labor in
every country of the world. All this is put into your
hands as your inheritance in order that you may re-
ceive it, honor it, add to it, and one day faithfully
hand it on to your children. Thus do we mortals
achieve immortality in the permanent things which
we create in common.

Albert Einstein1

1Ideas and Opinions [23, p. 56]. The originally source isMein Weltbild [24].

iii



iv



Contents

Preface xv

1 Wonderful World of Differential Equations 1
1.1 What are Differential Equations? . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Ordinary Derivatives . . . . . . . . . . . . . . . . . . . . . . 6
1.1.2 Ordinary Differential Equations . . . . . . . . . . . . . . . . 9
1.1.3 Solutions of Ordinary Differential Equations . . . . . . . . . 11
1.1.4 Partial Derivatives . . . . . . . . . . . . . . . . . . . . . . . 13
1.1.5 Partial Differential Equations . . . . . . . . . . . . . . . . . . 18

1.2 Origins of Basic Ordinary Differential Equations . . . . . . . . . . . 19
1.2.1 Rates of Change . . . . . . . . . . . . . . . . . . . . . . . . 20
1.2.2 The Simplest Type of Ordinary Differential Equation . . . . . 23
1.2.3 The Simplest Types of Partial Differential Equations . . . . . 26
1.2.4 Basic Integration Techniques . . . . . . . . . . . . . . . . . . 28
1.2.5 Proportions Involving Rates of Change . . . . . . . . . . . . 35
1.2.6 Newton’s Law of Cooling . . . . . . . . . . . . . . . . . . . 37
1.2.7 Rates of Chemical Reactions . . . . . . . . . . . . . . . . . . 38
1.2.8 Newton’s Second Law of Motion . . . . . . . . . . . . . . . 39

2 Separable Equations 51
2.1 Introduction to Separable Equations . . . . . . . . . . . . . . . . . . 51
2.2 Separation of Variables . . . . . . . . . . . . . . . . . . . . . . . . . 57
2.3 Initial Value Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 62

2.3.1 Definite Integration Technique . . . . . . . . . . . . . . . . . 63

3 Direction Fields and Solution Curves 69
3.1 Motion of a Yacht . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
3.2 Paths of the Yacht . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.3 Solution Curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.3.1 Graphing Solutions . . . . . . . . . . . . . . . . . . . . . . 76
3.3.2 Existence and Uniqueness of Solutions . . . . . . . . . . . . 78

3.4 Vertical Motion of a Body . . . . . . . . . . . . . . . . . . . . . . . 79
3.4.1 Vertical Motion with a Velocity-Dependent Drag Force . . . . 80

v



vi CONTENTS

3.4.2 Vertical Motion with a Velocity- and Time-Dependent
Drag Force . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4 Numerical Methods for First-Order Equations 91
4.1 Tangent Line Approximations . . . . . . . . . . . . . . . . . . . . . 91
4.2 Euler’s Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
4.3 Improved Euler’s Method . . . . . . . . . . . . . . . . . . . . . . . . 103
4.4 The Runge-Kutta Method . . . . . . . . . . . . . . . . . . . . . . . . 109

5 First-Order Linear Equations 115
5.1 Recognizing Linear Equations . . . . . . . . . . . . . . . . . . . . . 115
5.2 Solving Linear Equations . . . . . . . . . . . . . . . . . . . . . . . . 117

5.2.1 Integrating Factor Method . . . . . . . . . . . . . . . . . . . 119
5.2.2 Initial Value Problems and Uniqueness of Solutions . . . . . . 125
5.2.3 Variation of Parameters Method . . . . . . . . . . . . . . . . 130

5.3 Gronwall’s Inequality . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6 Modeling with First-Order Equations 141
6.1 Introduction to Mathematical Models . . . . . . . . . . . . . . . . . 141
6.2 Orange Juice Problem . . . . . . . . . . . . . . . . . . . . . . . . . . 142

6.2.1 Description . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
6.2.2 A Mathematical Model . . . . . . . . . . . . . . . . . . . . . 142

6.3 One-Compartment Systems . . . . . . . . . . . . . . . . . . . . . . . 145
6.4 Examples of One-Compartment Systems . . . . . . . . . . . . . . . . 147

6.4.1 Radioactive Decay . . . . . . . . . . . . . . . . . . . . . . . 147
6.4.2 The Malthusian Population Model . . . . . . . . . . . . . . . 150
6.4.3 The Logistic Population Model . . . . . . . . . . . . . . . . 151
6.4.4 Deposit Accounts . . . . . . . . . . . . . . . . . . . . . . . . 154

7 Modeling Abrupt Changes 171
7.1 One-armed Bandits . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
7.2 Unit Step Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 173
7.3 The Dirac Delta Function . . . . . . . . . . . . . . . . . . . . . . . . 181

7.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 181
7.3.2 A Geometric Viewpoint . . . . . . . . . . . . . . . . . . . . 185
7.3.3 Properties of the Dirac Delta Function . . . . . . . . . . . . . 187

7.4 Applications of the Dirac Delta Function . . . . . . . . . . . . . . . . 190
7.4.1 Deposit Accounts and Amortization of Loans . . . . . . . . . 192

8 Exact Equations 203
8.1 Introduction to Exact Equations . . . . . . . . . . . . . . . . . . . . 203

8.1.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206
8.2 The Total Derivative and Differential . . . . . . . . . . . . . . . . . . 207
8.3 Second-Order Partial Derivatives . . . . . . . . . . . . . . . . . . . . 209
8.4 Solutions of Exact Equations . . . . . . . . . . . . . . . . . . . . . . 211
8.5 Integral Curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218



CONTENTS vii

9 Second-Order Linear Equations 225
9.1 Horizontal Mass-Spring System . . . . . . . . . . . . . . . . . . . . 225
9.2 Second-Order Homogeneous Linear Equations . . . . . . . . . . . . 228
9.3 Characteristic Roots and Solutions . . . . . . . . . . . . . . . . . . . 228

9.3.1 Distinct Real Characteristic Roots . . . . . . . . . . . . . . . 232
9.3.2 Repeated Real Characteristic Roots . . . . . . . . . . . . . . 234
9.3.3 The Superposition Principle . . . . . . . . . . . . . . . . . . 236
9.3.4 Complex Characteristic Roots . . . . . . . . . . . . . . . . . 238

9.4 Complex Exponential Functions . . . . . . . . . . . . . . . . . . . . 249
9.5 Cauchy-Euler Equations . . . . . . . . . . . . . . . . . . . . . . . . 254
9.6 Homogeneous Linear Equations of Higher Order . . . . . . . . . . . 258
9.7 Nonhomogeneous Linear Equations . . . . . . . . . . . . . . . . . . 264
9.8 Method of Undetermined Coefficients . . . . . . . . . . . . . . . . . 267
9.9 Method of Variation of Parameters . . . . . . . . . . . . . . . . . . . 278

10 The Laplace Transform 295
10.1 Introduction to the Laplace Transform . . . . . . . . . . . . . . . . . 295
10.2 Finding Laplace Transforms with the Definition . . . . . . . . . . . . 301
10.3 Linearity of the Laplace Transform . . . . . . . . . . . . . . . . . . . 306
10.4 First-Order Linear Equations . . . . . . . . . . . . . . . . . . . . . . 308
10.5 Existence of the Laplace Transform . . . . . . . . . . . . . . . . . . 319

10.5.1 Piecewise Continuous Functions . . . . . . . . . . . . . . . . 321
10.6 Properties of the Laplace Transform . . . . . . . . . . . . . . . . . . 322

10.6.1 Shift in thes-Domain . . . . . . . . . . . . . . . . . . . . . . 323
10.6.2 Shift in thet-Domain . . . . . . . . . . . . . . . . . . . . . . 324
10.6.3 Derivative of a Transform . . . . . . . . . . . . . . . . . . . 327
10.6.4 Integral of a Transform . . . . . . . . . . . . . . . . . . . . . 329
10.6.5 Transform of an Integral . . . . . . . . . . . . . . . . . . . . 331
10.6.6 Transform of a Periodic Function . . . . . . . . . . . . . . . 333
10.6.7 Convolution . . . . . . . . . . . . . . . . . . . . . . . . . . . 337

10.7 Inverse Laplace Transforms . . . . . . . . . . . . . . . . . . . . . . . 343
10.8 Second-Order Linear Equations . . . . . . . . . . . . . . . . . . . . 349

10.8.1 Equations with Variable Coefficients . . . . . . . . . . . . . . 353

11 Solutions of Planar Linear Systems 361
11.1 What are Linear Systems? . . . . . . . . . . . . . . . . . . . . . . . 361
11.2 Flow of Sugar in Interconnected Tanks . . . . . . . . . . . . . . . . . 362
11.3 Linear Systems as Vector Equations . . . . . . . . . . . . . . . . . . 364
11.4 The Phase Plane: Vector and Direction Fields . . . . . . . . . . . . . 368
11.5 Eigenvalues and Solutions . . . . . . . . . . . . . . . . . . . . . . . 373

11.5.1 Eigenvalues and Eigenvectors . . . . . . . . . . . . . . . . . 373
11.5.2 Superposition Principle . . . . . . . . . . . . . . . . . . . . . 381
11.5.3 Linear Independent Solutions . . . . . . . . . . . . . . . . . 383
11.5.4 General Solutions . . . . . . . . . . . . . . . . . . . . . . . . 388
11.5.5 Types of Eigenvalues . . . . . . . . . . . . . . . . . . . . . . 392
11.5.6 Distinct Eigenvalues and Linearly Independent Solutions . . . 394



viii CONTENTS

11.5.7 Distinct Real Eigenvalues and Solutions . . . . . . . . . . . . 395
11.5.8 Repeated Real Eigenvalues and Solutions . . . . . . . . . . . 397
11.5.9 Complex Eigenvalues and Solutions . . . . . . . . . . . . . . 403

11.6 Modeling Room Temperatures . . . . . . . . . . . . . . . . . . . . . 411
11.6.1 Temperature inside a One-Room Building . . . . . . . . . . . 411
11.6.2 Temperatures inside a Two-Room Building . . . . . . . . . . 416
11.6.3 Temperatures Controlled with a Thermostat . . . . . . . . . . 418

12 Linear Equations and Companion Systems 423
12.1 Mass-Spring-Dashpot System . . . . . . . . . . . . . . . . . . . . . 423
12.2 Companion Systems . . . . . . . . . . . . . . . . . . . . . . . . . . 426
12.3 Characteristic Roots and Solutions . . . . . . . . . . . . . . . . . . . 431

12.3.1 Distinct Real Characteristic Roots . . . . . . . . . . . . . . . 432
12.3.2 Repeated Real Characteristic Roots . . . . . . . . . . . . . . 434
12.3.3 Complex Characteristic Roots . . . . . . . . . . . . . . . . . 436

12.4 Solutions of the Mass-Spring-Dashpot System . . . . . . . . . . . . . 438

13 Autonomous Systems and Stability 445
13.1 Types of Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 445
13.2 The Simple Pendulum . . . . . . . . . . . . . . . . . . . . . . . . . . 446
13.3 Solutions and Equilibrium Points . . . . . . . . . . . . . . . . . . . . 449
13.4 Existence and Uniqueness of Solutions . . . . . . . . . . . . . . . . . 454
13.5 Liapunov Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . 454

A The Lorenz Equations 461
A.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 461
A.2 The Lorenz and Water Wheel Equations . . . . . . . . . . . . . . . . 462

References 479

Answers to Selected Problems 483

Index 491



List of Tables

1.1 Differential Equations Modeling Real-Life Situations . . . . . . . 2
1.2 Temperatures at Points of an Unevenly Heated Wire. . . . . . . . 6
1.3 Temperatures (ıC) at Points of an Unevenly Heated Plate. . . . . 14
1.4 Standard Integral Formulas . . . . . . . . . . . . . . . . . . . . . 25

4.1 Tangent Line Approximations . . . . . . . . . . . . . . . . . . . . 94
4.2 Euler aproximations for (4.2.8) . . . . . . . . . . . . . . . . . . . . 102
4.3 Improved Euler’s approximations for (4.2.8) . . . . . . . . . . . . 108
4.4 Runge-Kutta vs. Improved Euler for (4.2.8) . . . . . . . . . . . . . 112

9.1 Particular Solutions of LŒx� D g.t/ . . . . . . . . . . . . . . . . . 273

10.1 Basic Laplace Transforms. . . . . . . . . . . . . . . . . . . . . . . 306

ix


